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Abstract 

The group theoretical approach to the relativistic wave equations on the real reducible 
spaces for spin 0, 1/2 and 1 massless particles is considered. The invariant wave equations 
which determine the appropriate irreducible representations are constructed. The coin- 
cidence of these equations with the general-covariant Klein-Gordon, Weyl and Maxwell 
equations on the corresponding spaces is shown. The explicit solutions of these equations 
possessing a simplicity and physical transparency are obtained in the form of so-called 
"plane waves" without using the method of separation of variables. The invariance prop- 
erties of these "plane waves" for the spinless particles under the group SO (3, 1) were 
used for the construction of the invariant spin 0,1/2 and 1 two-point functions on the 
H 3 . Secondly quantized spin 0,1/2 and 1 fields on the R 1 <g> H 3 are constructed; their 
propagators which are their (anti)commutators in different points, are expressed in terms 
of the mentioned two-point functions. Prom here the R 1 <g> SO(3, l)-invariance follows. 

1 Introduction 

In the present paper we consider the relativistic wave equations for the massless particles in real 
reducible spaces following the program outlined in [|TJ . The Einstein space R 1 (g> S 3 is the most 
important of them; the wave equations on this space were considered in a number of papers 
by M.Carmeli with co-authors using some group-theoretical methods (see f2|). We will devote 
the main part of our paper to the space R 1 <g> H 3 which differs from the space R 1 <g> S 3 only 
by the sign of curvature. Our choice based on two important advantages of the space R 1 <S> H 3 
over the space R 1 ® S 3 . The first advantage consists in that the symmetry group of the space 
R 1 (8) H 3 has infinite-dimensional unitary irreducible representations; the second one consists 
in that the solutions of the group-theoretical wave equations on the space R 1 ® H 3 possess the 
remarkable invariance properties under the symmetry group of the space, which allows us to 
construct invariant propagators with the help of the mentioned solutions. 

The present paper is constructed as follows. In Sect.@ the space H 3 , its symmetry group 
and its irreducible representations are considered. Sect.|| is devoted to the massless spin zero 



particles on the R 1 Cg> if 3 . It is shown that the corresponding invariant wave operator coincides 
with the covariant d'Alembertian; the analogous situation takes place in the de Sitter space || 
too. Sect.£| treats the wave equations for the massless spin 1/2 and 1 fields. In Sect.^ we 
consider the exact solutions of these equations in the form of so-called "plane waves". In Sect.[| 
is shown that the obtained group-theoretical wave equations for the spin 1/2 and 1 particles 
coincides with the general-covariant Weyl and Maxwell equations on the R 1 (g) if 3 . 

In Sect.|7| we apply the obtained exact solutions of wave equations to the construction of 
the secondly-quantized spin 0, 1/2 and 1 fields on the K 1 Cg> if 3 and their invariant propagators. 
The obtaining of invariant propagators is an important problem of the quantum field theory on 
the curved spaces. Earlier the propagators of various spin fields on the de Sitter and Anti-de 
Sitter spaces (see [|, [5|, |(J and references therein) and spin and 1/2 fields on the S n ]7J were 
considered. In the recent paper || the propagators for massive spin and 1/2 fields over the 
K 1 Cg> S n space are constructed. In the above referred papers the propagators are constructed 
as invariant functions obeys the corresponding wave equations. In this case its connection with 
the (anti) commutators of secondly quantized fields is unclear. In the Sect .[7] we start from the 
invariance properties of the obtained "plane waves" , which properties based on the connection 
of these "plane waves" with the generalized coherent states for the group SO (3, 1). Using these 
properties we construct the invariant spin 0,1/2 and 1 two-point functions on the if 3 . The 
propagators of these fields being their (anti) commutators in the different points, are expressed 
through the mentioned two-point functions and possess the invariance under the symmetry 
group of our space. 

In Sect|| we consider the wave equations on the other reducible spaces: Einstein space and 
one more space with the symmetry group Tj 8 <g> SO(3). 

Indices a, ft, . . . correspond to the embracing space for if 3 and run values 1 up to 4; indices 
/i, v, . . . correspond to the space R 1 ® if 3 and run values up to 3. Indices i, k, . . . = 1, 2, 3. 

2 H 3 space and its symmetry group 

The if 3 space is the hypersphere in the fictitious four-dimensional pseudo-euclidean space with 
the metric r] a p = diag (+1, +1, +1, — 1); this hypersphere is determined by the equation 

r] aP x a x p = -R 2 . (2.1) 

As the interval looks like ds 2 = dx a dx a , then, by expressing x 4 from (|2.1| ): 

X 4 = x EE ^1+xVi? 2 , 
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we obtain 



, 9 

ds 2 


— 9ij dx dx 




X^ X^ 


9ij = 




9 ij = 




5 ij + 

R 2 ' 



(2.2) 



By the choice of x 4 sign, we have fixed one of the halves of the space, which is covered by 
our coordinates. The symmetry group of the space is, obviously, 5*0(3, 1) with generators of 
rotations X and translations P and commutation relations 

[Pi, Pj] = —R 2 £ijkXk (2.3) 
[Xi, Xj] = EijkX k (2.4) 
[P i ,X j ]=e m P k . (2.5) 

With R — > oo these commutation relations turn into commutation relations of the three- 
dimensional Euclidean group. 

Our group has two second-order Casimir operators: 

C*2 ^ = P%Pi — R 2 X{Xi 

/^( 2 ) p v 

2 — r jAj. 

It is easy to show that the generators 

Uf = P ± iR~ 1 X t (2.6) 
compose two 50 (3)-like subgroups commuting with each other: 

[uf, n±] = ±| £iiA; ri±; 
[n+,n-]=o. 



Since the presence of the imaginary unit in (|2.6| ) the isomorphism of the 50(3, 1) and 50(3) ® 
50(3) takes place only at a level of the Lie algebras. The Casimir operators of these subgroups 

- R- 2 cf = \nfnt = \dP ± iiirtf) (2.7) 

are the Casimir operators of the all group. The irreducible representations of the 50(3,1) 
group are well-known ||; they are determined by two (complex, in general) numbers j + and 
j- such as 

j+-j_ = ±s, S = 0,l/2,1,... (2.8) 
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From the Weinberg theorem [|K|] it follows that such a representation should describe the spin s 
particles. If j + + j_ also is an integer or half-integer then the representation is finite-dimensional 
and non-unitary; in the opposite case the representation is infinite-dimensional and unitary. In 
the representation [y+J-) the eigenvalues of the Casimir operators are 

Gt = -j±U± + l)- (2-9) 
As the operators C% and are Hermitian then those eigenvalues should be real; from here 



follows C2 = C 2 ; combining with (|2.9|) one can obtain 

(J + -J-)(J + +J- + 1)=0. 

If the first bracket is equal to zero then we obtain the additional series of representations which 
is not interest for us. If the second bracket is equal to zero then we came to the principal series 
of representations and from Q2.8|) follows 



±s — 1 Ts — 1 / 

Re ]+ = —— , Rej_ = Z__. (2.10) 



The metric on the R 1 ® H 3 is determined by the formulas ( |2.2|) and goo = — 1, goi = 0. 



3 Spinless particles and Klein-Gordon equation 

As for the metric fl2.2p the Christoffel symbols, not equal to zero, are 

Y^j R gijX , 

then it is easy to obtain the Killing vectors, which give us the generators of scalar representation: 

PP = xdi , Xf =e i]k x k d r (3.1) 
Therefore, the generators of scalar representation of both SO (3)-subgroups looks like 

n 4 +(/) = 4)d fc , U- {l) = e^d k , (3.2) 
where we introduced the complex orthonormal dreibein 

e {i) = + iR^Sikix 1 , e l (i je( fc )i = 5 ik . (3.3) 
Combining ( p.2| ) and ( |2.7| ) yields 

-4R- 2 C+ (l) = g^m + e^efadt 
-m- 2 C^ l) =g ik d i d k +^\ k e\ i) d l . 



To evaluate of the second term in the right hand side let us write 

^ "* ,k e (i) = -,k ~ ^km e ^ m ) e (i) = G l ni e^ 1 — T l km g km , (3.4) 

where the Ricci rotational coefficients Giki = £(i)m\n e ^) e Tiy are introduced. In our case they 
equal to 

Giki — iR e iki- (3.5) 
Using (|3.5|) and the known general formula for the rolling up of the Christoffel symbols 

4 m / m = -9- 1/2 d k (g 1/2 g lk ), (3.6) 

where g = det gik, we obtain the Casimir operators of the scalar representation: 

- 4iT 2 C 2 +(0 = -4i? 2 C7 (/) = g'^diig^g^dk} = A. (3.7) 

This result does not depend(hold) on the manifest form of vierbeins, but only on correctness 
of (|3.5[). We choose the representation with the weights j + = j_ = ^(iuR — 1), where u G K. 
Then by calculating of the eigenvalues of the Casimir operators we obtain the Laplace equation: 

(A + cu 2 + R~ 2 )?p = 

which describes the field of a mass u in the if 3 space. In the space M 1 Cg> if 3 the quantity uj 
play a part of the frequency: ip ~ e lu)t and we obtain the Klein-Gordon equation 

(□ + iT 2 )V> = , □ = (-det^)- 1 /2^((_ d et^) 1 /V^) = -— + A. (3.8) 
for the conformally-coupled scalar field over R 1 ® if 3 . 

4 Spin-1/2 and 1 particles; Weyl and Maxwell equations 



Let us take a certain matrix representation of the rotation group with generators X( s ) which 
corresponds to the spin s. Then the generators 

pto = 1y (s) 
R 

obey the commutation relations ( p.3|) ,( p3|) ; the corresponding representation of the 5*0(3, 1) is 
\_( s '°\ For the spin 1/2 representation 

X W = 

2 

X ( s )*x^ fe = — -6 ik + -e ikl X^ 1 (4 1) 

4 2' 



For the spin 1 representation 

(X-^)kl = Sikl 

(-Xj Xf, ) m n ^ik^mn ^in^km- ('1-2) 

Now, let us consider the representation with the generators P^ + P^ and X 1 ^ + X^ s ^. The 
corresponding Casimir operators are 



-4iT 2 C+ = A + ^-A + -^-s(s + 1 



4s . 4 



'2 



R R 2 (4.3) 



-4R- 2 C 2 = A, 



where we use ( |3.7| ) and designate the spinor wave operator on if 3 as 



A = is^xWefodk. 



Let us square the above expression: 



-s 2 A 2 = X\ s) X[ s) e^e n {k) {d m d n - T l mn di) + ±A, 

where we expressed the derivatives of dreibein through G^i and T l mn by analogy with ( ft.4J) . 
Using (|4.2|) and ( p.6| ) we obtain for the case s = 1/2: 

A 2 = A - ^. (4.4) 
From the other hand, using ( |2.4| ) and ( |3.5| ) gives 



-s 2 A 2 = xW^Weg^CeJ^) + |A 

Substituting ( [4.1| ) in the above expression, we obtain for the spin 1 in the component-wise form 

-(A 2 ^ = —Aipi + e^d m (e n ik) d n ^ h ) + | (A^. 

As both A and A should have fixed eigenvalues in the irreducible representations, then (|4.4|) 
holds as before and the gauge condition 

e h {i) d k ^ = 0. (4.5) 



should be satisfied. Using (^8| ) , (|2 . 9| ) , ( [2 . 1 0|) , (\l . 3|) and ( f4~4]) we obtain that our representations 
has the weights 

iujR + s + 1 . —iujR + s — 1 



where u G M is a frequency. The eigenvalues of the wave operators are 

8 + V 



Ail) = (iu - i> 



Proceeding to the space R 1 ® if 3 we obtain that both for spin 1/2 particles and for spin 1 
particles the equation 

s-KL 
i2 



(<9 t - is-^W^^SSt - = 0, (4.6) 



is correct as well as the gauge condition (|4.5| ) for spin 1 particles is. The obtained equations 
are the Weyl equations for the neutrino and the Maxwell equations for the photon. If we start 
from the matrix representations |J ' S ) then we came to the equation 

(d t + is^xWefcdk + = (4.7) 

which corresponds to the antineutrino and photon. 

5 Explicit solutions of the wave equations 

Let k is a unit 3- vector: k 2 = 1; let us consider the 2s + 1-component quantities uf (k) which 
obey the condition 

(is^kXW ± l)uf(k) = 0. 
In the case s = w(k) = 1. In the case of spin 1 we also impose the one more condition, thus 

u 2 = ku = 0. (5.1) 

The explicit form of the uf (k) see in Appendix. Now, let us construct the functions 



rif(x)= ^( k )- 

One can omit the symbol ± at the functions y^ ± (x). It is easy to show that the functions 

^(x,t) = e-V£ + (x) (5.2) 



\ iwR— s — 1 



obey Eq. ( |3.8| ) for s = 0, ( |4.6j ) for s = 1/2 and fl4.5p , (fP]| ) for s = 1. In two last cases it is 
necessary to use the equality 

{e m x\ s) k j x l + skx ± iX (s) x)w±(k) = 0, 
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that we prove easy taking into account the explicit form of the generators and the condi- 
tion The functions 

^(x,t) = e-V£~(x) (5.3) 

obey the Eq. fl£7|) 

(d t + is^X^e^dk - = (5.4) 

for the antiparticles in the complex-conjugate dreibein. To prove that in the spin 1 case the so- 
lution ( |5.2| ) really describes the "plane" electromagnetic wave let us divide ip onto the electrical 
and magnetic fields: 

y> = E + m. 

As ip 2 = ki/j = then E 2 = H 2 and thus E, H and k are orthogonal to each other, i.e. our 
solution really describes the "plane" electromagnetic wave. Functions y'j^ ± (x) are analogous 
to the "plane waves" on the de Sitter space [ITT], |3[]. With R — > oo functions ( |5.2|) pass onto the 



usual plane waves over the Minkowski space: 

lim e^V£ ± (x) = exp(i Pfl x»)ut(p), 



R^oo 



where p M = (u, uk). The solutions we have obtained are much simpler than the solutions of the 
spin and 1/2 wave equations in the Einstein space obtained for the spin 1/2 by the method 



of the separation of variables in [12| and for the spin 0,1/2 and 1 using some group theoretical 
methods in [FJ. 

6 Comparison with the covariant approach 

Let us complete the dreibein ( |3.3| ) to the vierbein by 

4)= e (0)=° > e ?o) = 1 > (6-1) 

then e l fs& J '' v = g^ v . Substituting this in the massless general- covariant Dirac equation one can 
obtain 

i-f^V^ = 

1 (6-2) 
V v = d v --G p . l tf'f$ ) - 

The possibility of using the complex vierbein ( p.3|) ,( |6!T|) in the Weyl and Dirac equations is 
proved by the fact that the coincidence of the vector and spinor 5*0(3) transformations 

Lit = &ik cos"$ + SikjV sin + 2H k sin 2 0/2 U(g) = exp(-n?<rl/2), (6.3) 

where l 2 = 1 so that 

L lk (g)U(g)a k U- 1 (g)=a l , g G 5*0(3), 
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may be formally continued to the area of complex rotation parameters. Since the complex 
conjugation is nowhere used in the ( |6.2j ) and ( |6.3j ), then Eq. ( |6.2| ) is invariant under the complex 
rotations of the vierbein. However, the vierbein ( p.3| ),( |6TT|) may be transformed into the real 
vierbein 

P k - 4- x x p° - p i - n p° — 1 

e (i) - ° lk + R 2( x + l\ ' e « ~ e (0) - U ' e (0) - 1 

with the help of rotations around the unit vector 1 = x/r on the imaginary angle cos$ = x. 

Splitting fl6.2pf|, we obtain two equations which coincides with ( fO| ) and ( |4.7] ) for the 
spin 1/2. By this the general- covariance of the mentioned equations is proven also. Let us 
use this general- covariance for the transformation of the functions (|5.3|) from the vierbein 
to the vierbein eY^. The corresponding three-dimensional transformation is the rotation of the 
form ( |6.3|) around 1 = x/r on the angle sin , (9/2 = ir/R. Corresponding spinor transformation 

n*) = *~- 

Then the functions 

^x,t)=e^xVL /2) ~(x) (6.4) 

obey Eq. (|4.71 ) for the spin 1/2. 

Now, let us consider the spin 1 particles. Let us introduce the vierbein tensor of the 
electromagnetic field 

where F pa is the usual tensor of the electromagnetic field. By expressing the covariant deriva- 
tives of F^y in terms of vierbein derivatives of <3> pcr we obtain the Maxwell equations 

e\ v) d^ v - G^ vp - ^G a : = 

(6-5) 

Substituting ( |3.5| ) into ( |6.5|) and introducing the complex vector of the electromagnetic field 

i 

ipi = $ i0 + -£iki$ki, 
we obtain that (|6.5|) coincides with (|4.5|) and ( |4.6|) for the spin 1 case. 



7 Propagators and two-point functions 

The functions <y?^(x) are the generalized coherent states for the group 5*0(3, 1) [I3|; from here 
its nontrivial transformation properties follow. Let us juxtapose to each element g G 50(3, 1) 

1 Also it is convenient to pass to the signature (+1, —1, —1, —1) temporarily, in order to have the possibility 
of using the usual 7-matrices in the standard representation. 
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the matrix L a p(g) of the orthogonal transformations of the space H 3 . Then we can define the 
action of the group SO(3, 1) over the space H 3 and over the null 4- vectors n a , n a n a = 0: 

i"i — >x™ = L a p {g)x p , n a \ — ► n a g = L a (g)n p . (7.1) 

Then the unit 3- vector k can be expressed through n a : k = n/n 4 , which gives us the action of 
the group SO(3, 1) on the unit 3-vectors: k i— > k g . Then it is easy to show that the functions 
V 9 k2( x ) transform under the transformations ( j7.1|) as follows: 

^°2(x g ) = {L,\g) + I/l^l^-VltW- (7-2) 

where k' = k g -i and A G C. The correctness of the above expression under the g G 5*0(3) is 
obvious. It is necessary to prove this only for the transformations g = g$, which is given by the 
matrices 

L,\g) = {l + e) 1 ' 2 , L\(g) = L"(g) = ? , L lk = 5 lk + ^L=. (7.3) 

By calculating the Jacobian of the transformation from the k to the k' it is easy to show that 
the two-point function 

WW(x,y;u,) = j s2 d 2 k^)^_M, 

where x and y are the arbitrary points of the upper half of the space H 3 and d 2 k = dk^dk 2 jk 3 
is an invariant measure, possesses the SO (3, l)-invariance: 

W( )(x 9 ,y 9 ^) = wW(x,y;cu). (7.4) 

In fact, W^(x s , y g ; to) is the scalar product of the coherent states corresponding to the points 
x and y. Then the equality 

W ( J (x,y;w) = F , , -; 1 - 



2 2 ' T \ R 



is correct 13 



The above considerations may be generalized to the cases of spin 1/2 and 1 too. Let us 
construct the (2s + 1) x (2s + l)-matrices 

E(k;a) = t*+(k)®«+t(k). 
We can show (see Appendix) the validity of 

U s (g)Zfrs)Ul(g)=l-±\ S(k 9 ;s), (7.5) 
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where U s (g) is the matrix of the representation L^' ) which corresponds to the transformation 
g G SO (3, 1). Then, by the way completely analogous to that for the spin zero particles and 
using ( |7.5|) we can obtain that the two-point functions 

W«(x,y; W ) = j s2 d 2 k^l + {*) ® 0£ + (y)) f 
possess the SO (3, l)-invariance: 

W^( Xg ,y g ;co) = U s (g)W^^,y;uj)Ul(g). 

Now, to clarify of the physical meaning of the constructed two-point functions let us construct 
now the secondly quantized massless spin 0, 1/2 and 1 fields: 

* (S)(X) = r WW L ^ ( e ^V£ + (x)a(p; s) + e-^VL S , ) -t(x)at(p; ,)) , 
where the bosonic and fermionic creation-destruction operators 

[a A (p; s), a^(p'; s)]± = p°<5 3 (p - p')#ab 
are introduced and A, B = 1, . . . , 2s + 1. The choice of a measure is correct because 

a Aiu rf3 P 
ujdua k — — — . 

Then the corresponding propagators 

A«(x,y) = V$\v))± = 

" (e i *"-»"> W« (x, y; w ) - e-*"- "• wft (y, x; «,)) 

possess the invariance under the time translations and spatial 5*0(3, 1) transformations. The 
equality 

/ — V fi(x)^(x) = (27r) a < 5 s (p-p0, 

is correct |13|], where k, k', uj, to' are arbitrary. Then, it is easy to show that the propagator for 
spin zero we have constructed possess the reproductivity property: 
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8 Other reducible spaces 



The passage from the space M 1 <g> H 3 to the Einstein space R 1 (g> S 3 may be performed by 
the change of sign of 7/44 and by the replacement R — > iR. The symmetry group of S 3 is 
5*0(4) = SO (3) ® 5*0(3); the dreibein (|3.3|) becomes real, and therefore the operators IT^ 
becomes the generators of two subgroups of true translations of the space 5 3 . The invariant 
wave operators remains unchanged to within the replacement R — > iR, but their eigenvalues 
no longer may be obtained by the group-theoretical way. To within the same replacement, the 
explicit solutions of the wave equations and the general-covariant equations remain unchanged, 
but many results of Sect .^3] don't take a place since the vierbein ( |3.3| ) becomes real. The results 
of Sect .[7] don't take a place. 

Now, let us consider the space with the symmetry group T\ ® 50(3). According to classi- 
fication of all spaces with four-parametric symmetry groups given in HTJJ, spaces with such a 
symmetry group form the whole class (type VIII in the mentioned classification) and they are 
the direct products of a temporal axes and three-dimensional spaces with the metric depending 
on the constant parameters = Kji and D. The scalar representation generators of their 
symmetry group are 

where are four vectors, the nonzero component of which are 

6(0)0 = -1 ! 6(1)1 = cos(y/R) ; b (2)2 = 1 
6(3)3 = cos(x/ R) cos(y/ R) ; 6 (1 ) 3 = cos(x/ R) sm(y/ R) 
6(2)3 = -san(x/R) ; b m = -sm(y/R). 

It is necessary that these vectors compose an orthonormal vierbein for the group theoretical 
approach has meaning. It follows from here that the nonzero components of the metric tensor 
are 

011 = 922 = 033 = 1 ; 923 = ~ sm(x/R). 

It is easy to prove that this metric really belongs to the specified class and has nonzero param- 
eters Kn = 2 , ^33 = D = 1. Now, the Ricci rotational coefficients are 

Giki = R 1 £iM- 

As all the relations of Sect || Sect .§], Sect .|^ were derived only with the use of (|3.5| ) and without 
using the explicit form of vierbein, then all the formulas (except the explicit solutions of the 
wave equations) which take place in the R 1 ® 5 3 space, take place in the Petrov type VIII too. 
Only difference is that instead two 50 (3)-subgroups remains only one, but it is enough for the 
construction of the invariant wave operators. 
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Appendix. Some properties of uf(k) 

Let us juxtapose to each element g G S0(3, 1) the matrix ^ ^ ^ ^ of the group SL(2, 
50(3, 1). There exists its fractionally-linear transformation on the imaginary line: 

az + b 



z, 



9 cz + d' 

Then we can determine the group SL(2, C) representation acting on the functions of z by the 
following way 

f(z)^(cz + d) 2s f(z g -,). 

As is well known (see [[|) if f(z) is the polynomial from z of the power 2s, then the represen- 
tation is l_( s ' ). This means that it is possible to write down the vectors of the representation 
|_(s.o) no t in the form of the lines or columns, but in the form of polynomials of a power 2s. 
Then one can obtain [jn| that in such a notation uf(\t) with the arbitrary s looks like 



where 

_ k 1 + ik 2 
Pk = TW 

The quantity pk has a simple geometrical meaning. Indeed, let us make the stereographic 
projection of the sphere S 2 where the ends of the vectors k are lying, onto the plane. Here 
each point (x, y) of the plane is in the conformity with the complex quantity x + iy. Then, 
the quantity pk corresponds to the vector k. This means that the fractionally- linear action 
of the SX(2,C) onto the pt is equivalent to the projective action of the 5*0(3, 1) onto the k: 
(Pk)g — pk.'-, where k' = k g . Thus, it is easy to show that 

(U s (g)uf(k)) (z) = {cz + d) 2s ut{\L){z g -,) = KG?))V(VO(^ 
where ^ 

is independent on s and z. The change of S(k; s) under the transformation is determined by the 
|o ; k(fi , )| 2 ; to obtaining this quantity in the convenient form let us consider the case of spin 1/2. 
Then in the usual "columnar" notation we have 




u + (V = \-7^ i . «"(k) 
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It is easy to show that 



E(k; 1/2) 



2 n 4 



4 ' 



where a' 



0,1). As 



U{g)a a n a U\g) 



we obtain 



ttk(#)| 2 




Putting everything together gives the equality ( |7.5| ) looked for. 
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